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Abstract 
Direct numerical simulation (DNS) is used to calculate the three-dimensional cases of elongated bluff body under low Reynolds 
numbers (Re=1000). Primary instabilities such as Von Karman vortices and secondary instabilities including Mode A and Mode 
C are identified in the numerical results to investigate the physical mechanism of the wake region. Besides, vortex formation 
length and wave length of secondary instabilities are also characterized to reveal the flow structures. In the cases where Re=1000, 
Mode A is the dominant secondary instability in RANS initialized calculation. The spanwise and streamwise wavelength of 
Mode A is about 3D and 4D respectively, where D is the thickness of trailing edge. The sense of rotation alternates every half 
shedding cycle, which exhibits out-phase symmetry. However, Mode A and Mode C coexist in free-stream-condition initialized 
calculation. The spanwise wavelength of Mode C is about 0.5D. Conclusion is reached that difference in initialization method 
may result in difference in wake flow instabilities. 
© 2015 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of The Chinese Society of Theoretical and Applied Mechanics (CSTAM). 
Keywords: direct numerical simulation, secondary instability, elongated bluff body 
1. Introduction 
The wake structure of bluff bodies are dominated by the von Karman vortices, namely periodic shedding 
vortices when Reynolds number is over nearly 49 in the case of circular cylinder. If the Reynolds number is further 
increased beyond a threshold number, discontinuities occurs in the trend of variation of the vortex shedding 
frequency with Reynolds number. This phenomenon is due to the emergence of secondary instabilities which is an 
important factor for the transition of laminar wake to turbulence. It significantly affects the shear layer growth 
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process and the noise radiation in the wake[1, 2]. In the past decades, many researchers have focused on the 
secondary instability of the circular cylinder wake using both experimental and numerical methods. It has been 
confirmed that two secondary instabilities affects the cylinder wake including Mode A and Mode B, which occur at 
ReD=194 and ReD=230 respectively. Although both Mode A and Mode B appear as pairs of counter-rotating stream 
vortices, they have different spatial-temporal symmetry. As to Mode A, it appears as undulations in the von Karman 
vortices and evolves into pairs of vortices downstream. The spanwise wavelength is λzĬ4D, and the sense of 
rotation of the streamwise vortices alternates every shedding cycle. However, Mode B instabilities have spanwise 
wavelength λzĬ1D and retain their sense of rotation over multiple shedding cycle. Although extensive research 
work has been focused on the flow past the circular cylinder reviewed by Williamson[3], comparatively little work 
has been conducted to investigate the wake transition scenario of the bluff body with other configuration. As Ryan[4] 
in 2005 pointed out that the cylinder transition scenario is not generic, there still remains work to do with bluff 
bodies. Besides, the research on the flow past bluff bodies has great engineering applications in drag reduction, large 
wind turbine blades and flow control as described by Baker [5] in 2006. These practical applications benefit from 
the great progress in understanding the periodic flow phenomena. Ryan analysed the secondary instabilities of the 
wake flow of elongated model with Reynolds number up to 700 using Floquet analysis and DNS. He found three 
types of secondary instability, Mode A, B’ and S’ respectively. As to AR=2.5 and 7.5, the Floquet multiplier shows 
that Mode A is the first Mode to become unstable with λz/D=3.5 and 3.9 respectively. For profiles with 7.5<AR<17.5, 
Mode B’ turn to be the dominant secondary instabilities which have the same rotation sense with Mode B in circular 
cylinder wake. The spanwise wavelength of Mode B’ is λz/D=2.2, just distinguishing it from Mode B. In the case 
where AR>17.5, Mode B’ is replaced by Mode S’ whose spanwise wavelength is λz=1D. Lahouti [6] conducted the 
experiments of the elongated body with Reynolds number from 250 to 2,150 and verified the existence and 
dominance of Mode B’. They observed the pairs of counter-rotating streamwise vortices persist over multiple 
shedding periods with an average spanwise length varying from 2.2D at ReD=550 to 2.5D at ReD=2,150. Lavoie [7] 
carried out the experiments further where the ReD is between 2,000 and 50,000. They also observed the Mode B’ in 
higher Reynolds number and found that the state of flow upstream of the separating points have little influence on 
the spatial characteristics of the dominant primary and second wake flow instabilities.    
In this paper, numerical experiments have been carried out to examine the wake transition scenario for an 
elongated body comprised of an elliptical leading edge and a rectangle trailing edge in laminar boundary layer 
conditions. The purpose of this paper is to study the small scale secondary instabilities of elongated body through 
Direct Numerical Simulation.  
Nomenclature 
D           thickness of the trailing edge  
AR aspect ratio(L/D) 
Ma         mach number 
ReD         Reynolds number, using D as the reference length 
λx streamwise wavelength 
λz spanwise wavelength 
ώx                streamwisevorticity 
ώy               vertical vorticity 
ώz               spanwisevorticity 
δ           thickness of boundary layer 
2. Numerical algorithm 
Direct numerical simulation (DNS) is used to calculate the three-dimensional cases under low Reynolds numbers. 
The base flow is initialized with RANS and free-stream-condition respectively in Case 1 and Case 2. The governing 
equations are three-dimensional compressible Navier-Stokes equations in conservative forms. Implicit large eddy 
simulation, which relies on numerical dissipations to dissipate high-frequency turbulent energy, is performed. In 
order to meet the low-dispersive and low-dissipative requirements, a six-order compact differencing scheme is used 
to solve the governing equations in transformed curvilinear coordinates. An eighth-order low-pass spatial filtering 
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scheme (with optimization parameter αf= 0.49) is applied (at each time step) to the conservative variables to ensure 
numerical stability. Viscous terms are evaluated by a sixth-order central differencing scheme. Alternate directional 
implicit symmetric Gauss-Seidel (ADI-SGS) scheme is applied for the time integration. A second-order temporal 
accuracy is obtained with three Newton-Raphsonsubiterations. The time step is equal to 1×10-4C/a∞, and it is 
selected such that the Courant-Friedrichs-Lewy number is less than unity. Periodical condition in spanwise direction 
is used. The Model configuration is showed in Fig.1 and the streamlined leading edge geometry can prevent any 
vortex shedding into the boundary layers downstream. Structural grids are adopted, and the total grid points are 
about 33 million. The trailing edge has a thickness of D=0.0254m. The chord length and spanwise length are 12.5D 
and 9D respectively. The inflow Mach number is Ma=0.2 and free stream Reynolds number is 1000. The conditions 
of two simulated cases are shown in Table 1.  
 
 
 
 
 
 
 
 
Fig. 1. (a) schematics of model configuration; (b) structure meshes used for simulations. 
3. Discussion 
In this section, numerical results will be discussed in details and the spatial characteristics of the secondary 
instabilities in the wake flow are also revealed. Fig 2 shows vorticity distribution in XZ plane in Case 1. Von 
Karman vortex streets are observed in Fig.2e based on Q2 criteria. 
A pattern of streamwise vortices are observed in Fig.2a and the sense of rotation alternates every half shedding 
cycle. Fig.2d shows the three dimensional isosurface of streamwise vorticity and confirm the rotation sense more 
clearly. The spanwise wavelength λz in Fig.2a and Fig.2d is nearly 3D on average. Fig.2c shows the streamwise 
wavelength of the primary instability (namely von karman vortex). The wavelength between two von Karman vortex 
constituting one full shedding cycle varies from 3.75D to 4.25D, hence λx=4D on average. Summarizing λx and λz in 
Table 2, the numerical results of streamwise and spanwise wavelength fits well with experimental data well. 
Considering the spatial characteristics, the features of secondary instability in present study is consistent with that of 
Mode A instability. 
Comparing Fig.3d and Fig.2e, small-scale vortices connecting Karman vortex appear in Case 2, while such 
vortices have not been observed in Case 1. From Fig.3c, it is obvious that primary instability wavelength λz | 4D and 
spanwise wavelength λx | 3D. Fig.3e shows the streamwise vorticity ώx along the wall surface and wake flow. It 
implies that secondary instability in wake flow is relevant to the instability upstream along wall surface although the 
wavelength is different. Further work should be done to reveal the relation and mechanism quantitatively. 
Furthermore, Fig.3a and Fig.3b show vortices with smaller wavelength but it is not clear. Hence, isosurfaces of 
vorticity are given out in Fig.4a and Fig.4b which clearly show the smaller vortex structure and wavelength is about 
0.5D. The rotation sense seems not to change downstream, which shows it is in-phase symmetry. This instability is 
actually Mode C considering both the wavelength and spatial characteristics. It is concluded that Mode A and Mode 
C coexist in Case 2.  
 
Table 1. Free stream conditions simulated in three cases with AR=12.5. 
Case ReD∞ Ma∞ 
Case 1 1000(RANS initialized) 0.2 
Case 2 1000(free-stream-condition initialized) 0.2 
(a) 
(b) 
x 
y 
z 
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Fig. 2. Case 1, Re=1000 (RANS initialized flow). (a)(b)(c) the streamwise vorticity ώx, verticalwise vorticity ώy and spanwise vorticity ώz are 
shown repectively in XZ plane at Y=0. -0.001<ώx<0.001, -0.001<ώy<0.001, -1<ώz<1; (d) isosurface of ώy, ώy=-0.001 for orange and ώy= +0.001 
for blue; (e) wake flow structure based on Q2 criterion.  
Table 2. Comparison of streamwise and spanwise wavelength in Case 1, Re=1000 and experiment data conducted by LS Doddipatla,Re=1050.[8] 
Method  Streamwise wavelength (λz/D) Spanwise wavelength (λx/D) 
Numerical result in present study(Re=1000) 4 3 
Experiment(PIV, Re=1050) 2.0-4.0 4.5 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 3.Case 2, Re=1000(free-stream-condition initialized flow). (a)(b)(c) the streamwise vorticity ώx, verticalwise vorticity ώy and spanwise 
vorticity ώz repectively in XZ plane at Y=0. -0.1<ώx<0.1, -0.1<ώy<0.1, -1<ώz<1; (d)wake flow vortex structure based on Q2 
criterion;(e)streamwise vorticity ώx including the wall surface region and wake flow.-0.001<ώx<0.001. 
(a) (b) (c) 
(d) (e) 
x 
z 
Leading edge 
Trailing edge 
(d) (e) 
(b) (c) (a) 
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Fig.4 (a)isosurfaceof  vorticity, |ώ|=0.1, Case 2; (b)Isosurface of streamwise vorticity, ωx=-0.1 for orange, ωx=+0.1 for blue, Case 2. 
4. Conclusions 
The results of three-dimensional numerical simulations have been presented quantifying the secondary wake 
instability of elongated bluff body. Two cases are calculated under different base flow, with Case 1 and Case 2 
being initialized by RANS and free-stream-condition. Mode A instability is observed in both cases. The streamwise 
and spanwise wavelength of Mode A are about 4D and 3D respectively. Mode A shows the out-phase symmetry 
with the rotation sense alternating every half shedding cycle. However, Mode C only exists in Case 2. Its spanwise 
wavelength is about 0.5D. Mode C exhibits in-phase symmetry since it seems to retain rotation sense downstream. 
This result shows that difference in initialization method is essential for the development of wake secondary 
instability. Since RANS gives averaged flow field, instability in initialized flow of Case 1 is less than that of Case 2. 
From the result that Mode A appears both in Case 1 and Case 2 while Mode C is only observed in Case 2, it can be 
inferred that Mode C is sensitive to the instability existing in the initialized flow.  
In the future, more work should be done to show how the instability in upstream boundary layer is related to the 
development of secondary wake instability and reveal the origination of secondary instability in elongated wake 
flow.  
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